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Abstract. Let M be a compact n-dimensional manifold, n > 2, with metric g(t) evolving 
by the Ricci flow dgij/dt = -2R^ in (0,T) for some T £ R+ U {oo} with g(0) = g . Let 
Ao(<7o) be the first eigenvalue of the operator — A go + QSSl with respect to go. We extend a 
recent result of R. Ye and prove uniform logarithmic Sobolev inequality and uniform Sobolev 
inequalities along the Ricci flow for any n > 2 when either T < oo or Ao(<?o) > 0. As a 
consequence we extend Perelman's local re-noncollapsing result along the Ricci flow for any 
n > 2 in terms of upper bound for the scalar curvature when either T < oo or Ao(go) > 0. 



Recently there is a lot of studies on Ricci flow on manifolds because it is an important 
tool in understanding the geometry of manifolds [Hl-3], [Hsl-3], [KL], [MT], [PI], [P2]. On 
the other hand given any compact n-dimensional manifold M, n > 2, with a fixed metric 
g it is known that Sobolev inequalities hold [He]. More specifically for any g G [l,n) and 
p satisfying 
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p q n 

there exists a minimal constant C Pi q(M, g) > such that the following holds 
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for any u E W 1,q (M, g). Note that since the above inequality is scale invariant with respect 
to the metric g, C Pjq (M, g) = C Pjq (M, Xg) for any A > 0. Let M be a n-dimensional 
compact manifold, n > 2, with a metric g(t) evolving by the the Ricci flow 

J^y = -2R l0 in M x (0, T) (3) 

for some T e M + U{oo} with initial metric g(0) = g . Because of the importance of Sobolev 
inequalities in the analysis on manifolds, it is interesting to know whether there exists a 
constant C > in place of C Pjq (M, g(t)) such that some variants of (2) hold uniformly 
along the Ricci flow. In [CL] S.C. Chang and P. Lu proved that the Yamabe constant 
which corresponds to the case q = 2, p = 2n/(n — 2), and n > 3 in (1) has a nonnegative 
derivative at the initial time of the Ricci flow under a technical assumption. 

Recently R. Ye [Ye] by using the monotonicity property of the VF-functional of Perelman 
[PI] proved the uniform logarithmic Sobolev inequality for n > 3 along the Ricci flow. He 
also proved that when T < oo, then there exist constants A > 0, B > 0, such that the 
uniform Sobolev inequality 

n — 2 

(^Jju\^dV g{t ^j " < A J M (\^u\ 2 + ju 2 ^j dV g(t) + B J^u 2 dV g{t) 

holds along the Ricci flow for any n > 3. Similar result was also proved by R. Ye [Ye] 
when Ao(<7o) > where Ao(<7o) is the first eigenvalue of the operator — A go + R ^°> with 
respect to go. As a consequence R. Ye [Ye] also obtain the K-noncollapsing result in terms 
of upper bound on the scalar curvature along the Ricci flow for n > 3 when either T < oo 
or Ao(fi'o) > 0. 

In this paper we will use a modification of the technique of R. Ye [Ye], Qi.S. Zhang 
[Z] and E.B. Davis [D] to prove the uniform logarithmic Sobolev inequality and uniform 
Sobolev inequalities (8) along the Ricci flow for any n > 2, q e and p satisfying 

(1) when either T < oo or Ao(<7o) > 0. As a consequence we extend Perelman's local k- 
noncollapsing result along the Ricci flow in terms of upper bound on the scalar curvature 
for n > 2 when either T < oo or Ao(<7o) > 0. Note that Perelman's local K-noncollapsing 
result is stated in terms of upper bound for |Rm| [PI] while the K-noncollapsing result in 
[Ye] and in this paper is in terms of upper bound on the scalar curvature. 

We will assume that (M, g(t)), < t < T, is a n-dimensional compact manifold, n > 2, 
with metric g(t) evolving by the Ricci flow (3) for the rest of the paper. For any metric g on 
M, let R(g) be the scalar curvature of (M, g), = — min(0, R), and R{x, t) = R(g(t))(x). 
For any 0<t<T, r>0, x E M, we let B t (x, r) be the geodesic ball at x with radius 
r with respect to the metric g(t) and we let volt(A) be the volume of any measurable set 
A C M with respect to the metric g(t). 

Note that since 

d I 

- V / det(^ J (t)) = - J R, 

LP(M,g(t)) = LP(M,g ) and W 1,P (M, g(t)) = W 1,P (M, go)foi all 1 < p < oo. Hence we 
can write Lp(M) and W 1,P (M) for L p {M,g{t)) and W 1 ' p (M,g(t)) for any t e [0, T) and 
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1 < p < oo. For any metric g on M, 1 < p < oo, / G L P (M, (7), let 

ii/iu = (/j/w) p - 

When there is no ambiguity we will write ||/|| p for ||/|| p , s . 

Theorem 1. Let n > 2, q G [l,n) and p satisfy (1). For any v G VF 1,g (M, (7), ||t>|| g = 1, 
we aai>e 

/ l^^logt; 2 ^ < — log(C p ,,(M^)(|| Vv\\ q + vol g (M)-$)). (4) 
Moreover for any u G VF 1,2 (M, g), 1 1 x£ 1 1 2 = 1, 

/ n 2 logn 2 a% <nlog((C7_ !Ui _ )M (M,^)((2///)||Vu||2 + t;o/ 9 (M)-^)) (5) 
Jm ' " M 

/or any 1 < /i < 2. 

Proof. We will use a modification of the proof of Theorem 3.1 of [Ye] to prove the lemma. 
Let u G W 1,q (M, g) satisfy ||w|| g = 1. Since logx is concave function, by Jensen's inequality 
and (2), 

/ \u\ q \og\u\ p - q dV g <log( / \u\ p ~ q -\u\ q dVg] =\og\\u\\ p p 
Jm \J m J 

/ \u\ q \ogu 2 dV g <^-\og(C p , q (M,g)(\\Vu\\ q + vo\ g (M)-^\\u\\ q )) 

In 1 
= — log(C p>9 (M^)(||Vu|| 9 + vol s (M)-«)). 

We now let \i G [1,2). For any u G W 1,2 (M, g) satisfying ||it|| 2 = 1. Let v = \u\~t . Then 
11^11^ = 1. By the Holder inequality, 



/ 

J A 



m VAv Jm 
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fi 



\Vv\ li dVg=[-) / \u\ 2 -^\Vu\^ dVg 



^YU^-YUs^ 1 '* 

2\ M / f \ * 

~ 1 " ' 'Vu\ 2 dV g 

1 



/V \J m 



j \Vv\"dV g Y <^J \Vu\ 2 dV g y. (6) 

Hence v G ' M (M, 0). By putting q = fj,, p = nfx/ (n — /i) and n = \u\ in (4) and using 
(6) we get (5) and the lemma follows. 
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By an argument similar to that of Section 3 of [Ye] but with Theorem 1 replacing 
Theorem 3.1 of [Ye] in the proof there we get that Theorem 3.3 and Theorem 3.5 of 
[Ye] remain valid for any n > 2 with the constants Cs(M, g) and vol g (M)~ 1 ^ n there being 
replaced by 2(7 rm ,n(M. g)j [i and C_«f£_ jM (M, g)vol g (M)~~ respectively for any 1 < [i < 2. 
Hence Theorem A, Theorem B, Theorem C, and the Corollary on P. 1-3 of [Ye] remain 
valid for any n > 2 with the constants Cs(M : g ) and vol go (M)~ 1 ^ n there being replaced 
by 2C_2±_^(M, go)/n and C_nv_ y/1 (M : g )vo\ go (M)~~ respectively for any 1 < /j < 2. In 
particular we have 

Theorem 2. (cf. Theorem A and Theorem C of \Ye\) Let M be a compact n-dimensional 
manifold, n > 2, with metric g(t) evolving by the Ricci flow (2) in (0,T) for some T e 
IR + U {oo} and initial metric g(0) = go . Then there exist constants C\ > 0, C 2 > 0, 
depending only on n, C! ^(M, g ), the upper bound of vol go (M)~ 1 and maxjvf-R(fi'o)- 
such that 

u 2 log u 2 dV g(t) <° j M (\ V«| + j« 2 ) dV 9 (t) - \ log a + d(t + j) + C 2 

holds for any a > 0, < t < T, and u G W 1,2 (M) with \\u\\2, g (t) = 1. 

If = Ao(s'o) > 0, then there exists a constant C3 > 0, depending only on n, 
C_i_ ) i(M, go), a positive lower bound for Ao = Xo(go), the upper bound of vol go (M)~ 1 
and maxM R(g )_ such that 

u 2 log u 2 dV g[t) < a (\ Vu\ + ^u 2 ^j dV g(t) - ^ log a + C 3 

holds for any a > 0, < t < T, and u E W 1 ' 2 (M) with \\u\\ 2 , g (t) = 1- 
For any < s < T, let 

Hg = _ A s + (R(g(s)) + max M R(g(s))-) 

where A s is the Laplacian of M with respect to the metric g(s). Then H s is a self-adjoint 
operator on L 2 (M). Let 

«.(«) = f u (|V«i; w + W<M) + ™»M'))-) J) dVg{s) y u e W 1,2 (M) 

be the associated quadratic form of H s . By the maximum principle the operator e~ Hst is 
positivity-preserving for allt > and is a contraction on L°°(M) for all t > 0. Hence e~ Hst 
is a symmetric Markov semigroup (P.22 of [D]). By Theorem 2 and the same argument as 
the proof of Theorem 2.2.7 and Corollary 2.2.8 of [D] we have the following lemma. 

Lemma 3. Suppose n > 2 and either T < 00 or X ( g ) > 0. Then there exists a constant 
C4 > which depends only on T and the constants C\, C 2 , of Theorem 2 if T < 00 and 
depends only on the constant C3 of Theorem 2 if \o(go) > such that 

||e" Hst w||oo < C 4 t"^ \\u\\ 2 , g ( s ) V0 < t < 1, < s < T,u e L 2 (M). 



By duality we have 
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Lemma 4. Suppose n > 2 and either T < oo or Ao(ao) > 0. Let C4 > be as given in 
Lemma 3. Then 

\\e~ Hst uh, 9 {s) < CaT* ||u||i, 9 ( a ) V0 < t < 1, < s < T,u e L 1 (M). 

Corollary 5. Suppose n > 2 and either T < 00 or X ( g ) > 0. Let C4 > be as given in 
Lemma 3 and let C5 = Cf . Then 

||e" Hst w||oo < C 5 t~^\\u\\ lMs) V0 < t < 1,0 < s < T,u e L 1 (M). (7) 

Proof. Since e~ Hst u = e~ Hs ^/ 2 ^e~ Hs ^/ 2 ^w, by Lemma 3 and Lemma 4 for any < t < 1, 
< s < T, u E L 1 (M), 

||e- Hst w||oo < C 4 t-%\\e- Hs{t / 2) u\\ 2Ms) < C%r% ||u||i lS(a ). 

Theorem 6. Suppose n > 2 and either T < 00 or Xo(go) > 0. Let 1 < q < n and p satisfy 
(1). Then there exists a constant A PjQ = A Pjq (M, g Q ) > which depends only on n, T, 
C_s_ ) i(M, go), the upper bound of vol go (M)~ 1 and maxM-R(<7o)- if T < 00 and depends 
only on n, C_s_ ! i(M, go) , the lower bound of Xo(go), the upper bound of vol go (M)~ 1 and 
maxjvf R(go)- if Ao(<7o) > such that 

(/ m M w 9(t >) * < ^(/ M (iv«i 2 + B+4+m r* W - " 2 ) * * («) 

ZioZds /or any <t <T andu e W 1 ' q (M). 

Proof. We will use a modification of the proof of Theorem 2.4.2 of [D] (cf. [Ye], [Z]) to 
prove the theorem. Let H s = H s + 1. Then H s is also a symmetric Markov semigroup. 
By Corollary 5, 

||e _jF/s *w||oo < C 5 t-%\\u\\ ljg{s) V0 < t < 1,0 < s < T,u e L 1 (M) (9) 

for some constant C5 > given by (7). Since e~ Hst is a contraction on L°°(M) for all 
t > and e~ Hat u = e 1_t • e _ - ff «(* -1 )e - - ff «ii, by (9), 

||e" Hst w||oo < e^^e-^-ulloo < C^e 1- * |M|i, 5 ( s ) V* > 1, < s < T, u e L X {M). (10) 
By (9) and (10) there exists a constant C 6 > such that 

\\e~ Hst u\\ 00 <CQt~^\\u\\ 1>g{s) V* > 0,0 <s<T,!iei 1 (M). (11) 
By (11) and the Riesz-Thorin interpolation theorem [D], 

lle^^lloo < C 6 ^ _ ^||w||q,g( s ) V* > 0,0 < s < T,u e L q (M). (12) 
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By (12) and an argument similar to the proof of Theorem 2.4.2 of [D] H s 2 is of weak 
type (p,q) for any 1 < q < n and p satisfying (1). We now choose (71,(72 such that 
l<qi<q<q2<n and let pi satisfy (1) with p, q being replaced by pi and qi, i = 1,2 

respectively. Then p\ < p < p 2 . By the above argument H s 2 is of weak type (pi, q\) and 
weak type (^2,92)- Hence by the Marcinkiewicz interpolation theorem [S] there exists a 
constant C > such that 

\\H7*u\\ Ptg(a) <C\\u\\ qtg(a) V0<s<T. (13) 

Since R satisfy [HI], 

R t = AR + 2\Ric\ 2 inMx(0,T). 

Hence miriM R(x,t) = — maxji R-(x, t) is a monotone increasing function of t G [0, T). 
Then max M -R-(^,t) < max M -R((7o)- fo r all < t < T. Thus by (13) we get (8) and the 
theorem follows. 

Theorem 7. (n-noncollapsing result) Suppose n > 2 and either T < 00 or Xo(go) > 0. 
Let p > 0. TTien /or any xo G M, 0<t<T,0<r<p, satisfying 

R(x,t)<r~ 2 Vx G Bt(xo, r), (14) 

i/ie following holds 

vok(B t (x ,r))>Kr n (15) 



mm (,(2(«+3«)/^)n' ( v ^A P)g (l + (4 + max MJ R((7o)-)p 2 ) 1 / 2 )V (16) 

/or any 1 < g < n anrf p satisfying (1) where A PjQ = A Pjq (M, go) is given by Theorem 6. 

Proof. We will use a modification of the proof of Lemma 2.2 of [He] and Lemma 6.1 of 
[Ye] to prove the theorem. Suppose there exists xq G M, 0<t<T,0<r<p satisfying 
(14) such that (15) does not hold. Then 

vol t (B t (x ,r)) < nr n . 

Let ~g = r~ 2 g(t). Then 

v<%(%(x , 1)) < k (17) 

and 

R < 1 in Bg(x , 1) (18) 

where R is the scalar curvature of g. Let q G (1, n) and p satisfy (1). By Theorem 6 there 
exists a constant A P:q = A P:q (M, g ) > such that (8) holds. By (8), 



M / \JM 



.2 ■ 2 



MW 5 1 < A p , q ( / I I V M || **)-)P U A ' dV ^] ' (19) 



holds for any u G W 1,q (M, g). Then for any u G W 1,q (M, g) with compact support in 
Bg(x , 1) by (16), (17), (18), (19), and the Holder inequality, 



\u 



\ P dVj) P 



Bg(X ,l) 

Bg(X ,l) \ 



/ / A v . + i + (4 + mMMfl te,)-)^ ua y ^ • 



|V«|«dVj 



'9(3:0,1) 



<V2A P J[ 

+ ^(l + (4 + nia,M^o)-)p 2 )^ / /■ |u|fl , y \ 

2 \Jb ^(xo,l) J 

<V2A p J[ \Vu%dvX 



+ V2A j 1 + {4 + ma ^ R{9o) - )p2) \ ^ (I \u? d Vj 

2 \Jb w (x ,1) 
1 1 



Hence 



<V2A p J[ \Vu\VdVjY + U f \u\vdVj) 

(7 |«| p d^V <2y/2A p Jf \Vu\ldVj) 9 . (20) 



f %(x ,l) / V%(aso,l) 

For any < ri < 1, let u(x) = r± — distj(x, xq). By the Holder inequality, 



n 



vo%(%(x ,ri/2))^ < f / |«|W F V <vo%(%(x ,r 1 ))if / 

KJBgiXO^!) j \J Bg(X Q ,l) 



Hence by (20) and (21), 



(21) 



7*1 1 /— " + 9 

yvol ? (S ? (x ,r 1 /2))^ < 2v / 2A Pig vo%(S ? (x ,r 1 )) — 



^,9 



n-\-q 



voy^-O'o.r,)) > ( 4 ^ j vol-(LV(.r ,r J ./2))^ V0 < r, < i. 



(22) 



By (17), (22), and an argument similar to the proof of Lemma 2.2 of [He] and [C], 
v<%(%(z„, ri) ) > ( 2in+i J m , Ap J r? V0 < n < 1 

K > ™'»(%(^, D) > ( 2 („ + (5 g /2))/ g ^J ' 

This contradicts (16). Hence (15) holds and the theorem follows. 
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